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2FIG. 1: (a) Schematic experimental conguration. A cav-
ity eld of amplitude ijj interacts with the atomic sample.
The current I
c
(t) from the homodyne detection of the cavity
output, damped at rate , is combined with (t) produced
by a signal generator (SG). The combined signal controls the
amplitude (AM) of an rf magnetic eld that, together with a
static eld, drives J
y
. (b) Single atom diagram. The static
B eld lifts the degeneracy of the magnetic sublevels. The
far-detuned cavity eld ijj monitors the collective popula-
tion in state j2i (and hence J
z
). The rf driving eld, applied
perpendicularly to the static eld direction, induces magnetic
dipole transitions between j1i and j2i (thus driving J
y
).
Following the procedure of Sec. VII in Ref. [16] we can
adiabatically eliminate the cavity dynamics if the cavity
decay rate   jjJ
z
, which requires   jj
p
N




J=2). The evolution of the








= is the measurement strength







r)=2. This equation represents deco-
herence of the atomic system due to photon number uc-
tuations in the cavity eld, with the result of increased
noise in the spin components normal to J
z
.
The eect of Eq. (2) on the cavity eld is a phase
shift proportional to J
z
, and thus the output Homodyne















) and E is the ensemble average. The conditional














where dW (t) = (t)dt is an innitesimal Wiener incre-
ment and H[r]  r+ r
y
  Tr[(r + r
y
)].
The eects of this evolution on the initial CSS are a de-







(i.e., spin squeezing), as well as a stochastic
shift of the mean J
z
away from its initial value of zero.

























FIG. 2: Schematic (a) y   z and (b) x   y projections of
the quasiprobability distributions for the spin state. The spin
states are represented by ellipses on a sphere of radius J .
The initial CSS, spin polarized in the x direction, is given
by state 1. State 2 is one particular conditioned spin state
after a measurement of J
z
, while state 3 is the corresponding
ensemble average state. The eect of the feedback is shown
by state 4. A rotation about the y axis shifts the conditioned




= 0. The ensemble average of these
conditioned states will then be similar to state 4.





will be relevant when feedback is in place.
The average or unconditioned evolution, Eq. (3), is
simply recovered by taking the ensemble average of all
possible conditioned states, i.e., (t) = E[
c
(t)]. This
leads to a spin state with J
z
variance equal to J=2. In
other words, the unmonitored measurement does not af-
fect J
z
and the squeezed character of the individual con-
ditioned states is lost, indicated by state 3 in Fig. 2.
To retain the reduced uctuations of J
z
in the average
evolution, we employ a feedback mechanism that uses
the measurement record to continuously drive the sys-




= 0 squeezed state. The idea is to




due to the measure-
ment. This simply requires a rotation of the mean spin
about the y axis equal and opposite to that caused by
Eq. (6), as illustrated in Fig. 2. The feedback Hamilto-










where (t) is a time-varying feedback strength. This feed-
back driving can be implemented by modulating an ap-
plied rf magnetic eld [17], as shown in Fig. 1.
Following again the methods of Ref. [16] to nd the
total stochastic master equation, we can calculate the
conditioned shift of the mean J
z
due to the feedback.






















= 0 via the feedback,
the approximations above and in Eq. (6) apply and we














This type of feedback control is essentially a form of state-
estimation-based feedback [18]. Although Eq. (7) looks
like direct current feedback, the strength of this feed-
back (9) is determined by conditioned state expectation
values. I
c
(t) only appears directly in H
fb
due to the as-





Being dependent on conditioned expectation values,
which are computationally very expensive, Eq. (9) is not
practical in an experimental sense. What is required is a
predetermined series of data points or ideally an equation
for (t), like in Fig. 1. To nd a suitable expression we
begin by assuming the feedback is successful and replace











This approximation will be valid if the unconditioned
state has high purity since then it must comprise of nearly
identical highly pure conditioned states.
The evaluation of both the purity (Tr[
2
]) and the av-
erages in Eq. (10) (hAi  Tr[A]) requires the uncondi-
















The terms in this equation describe, respectively, the
noise due to the measurement back-action, the feedback
optical driving, and the noise introduced by the feed-
back. The state determined by Eq. (11), with (t) given
by Eq. (10), has a purity very close to one (see below).
Since the state is very close to a pure state, we are justi-
ed in applying the approximation of Eq. (10).
Note that Eq. (11) describes the exact unconditioned
evolution of the atomic system where the feedback
strength is arbitrarily dened by (t). Equation (10)
thus describes one particular feedback scheme, however,
it can only (easily) be evaluated numerically. To nd
an approximate analytical expression we look at when
hJi  O(J), for which the atomic sample remains near















is equivalent to a linear approximation represented by
replacing J
x






















). The decrease of hJ
x
i from J is then







from J=2 [see Fig. 2(b)]







We can analytically approximate the degree of squeez-
ing produced by the particular feedback scheme repre-
































 e=2J; J  1: (14)
Thus, the minimum attainable squeezing parameter
asymptotically approaches an inverse dependence on the
sample size, i.e., the Heisenberg limit [19].
The approximations leading up to Eqs. (10) and (12)
can be justied by numerically solving the ME (11) for
a given (t), for example, using the Matlab quantum
optics toolbox [20]. The approximation of Eq. (10) can
be tested by calculating the purity for  described by
the ME with this particular feedback. The expectation
values in (t) are found by iteratively solving the ME
















The results of this simulation are shown in Fig. 3(a),
where the purity is given by the dotted curve and 
2
z
is curve A. Clearly, the purity remains near unity for
times of interest. This implies that the measurement and
feedback scheme has worked to produce nearly identical,
nearly pure, conditioned states [for times O(M
 1
)], and
we are therefore justied in using Eq. (10).
The further approximations to obtain the analytical
Eq. (12) are also good, as shown by curve B in Fig. 3(a),
where the t to curve A for the early evolution and min-
imum is nearly perfect. We are not interested in later
times since the idea is to cease the measurement and
feedback when the minimum 
2
z
is reached. The analyt-
ical expression for the squeezing parameter, Eq. (13), is
also plotted as curve C in Fig. 3(a). Although the min-
imum is not a perfect t to the exact numerical results,
it has the correct order of magnitude and so we expect
the J
 1
scaling of Eq. (14) to be correct.
The scaling of 
2
min
is obtained numerically from solu-
tions of the ME [and thus Eq. (15)] with feedback de-
scribed by Eq. (12). This (t), shown above to be a good
approximation, is the suitable form for experimental real-
ization. The numerical results, along with the analytical
expression (14), are plotted in Fig. 3(b) which clearly veri-
es the J
 1
dependence. The analytical coeÆcient (e=2)
represents an error of  18% compared to the numeri-
cal t, and the optimum time (t

) is also slightly out as
shown by Fig. 3(a). Nevertheless, these errors only apply
to scaling coeÆcients, not to the scalings themselves.
Experimentally, the limit to squeezing will be domi-
nated by spontaneous losses due to absorption of QND






 is the spontaneous emission rate and 
 = gjj. To
reach the Heisenberg limit (requiring a time t

= 1=M )










 1 ) g
2
 N; (16)
which is the very strong coupling regime of cavity QED.
Note we also required   jj
p
N for the adiabatic

















lower bound:                
20% error for single−shot fb
numerical; 20% error A 
purity for A analytical; perfect fb 
FIG. 3: (a) Time dependence of the purity = Tr[
2
] (dashed curve), and the squeezing parameter 
2
z
(curves A, B, and C). The
purity and curve A are the results for a feedback scheme dened by Eq. (10). For comparison, Eq. (15) is also simulated for the
scheme dened by Eq. (12) and the result is curve B. Finally, curve C is the approximate analytical expression for squeezing
parameter given by Eq. (13). In all cases J = 25. (b) J dependence of the squeezing parameter minimum, 
2
min
. Plotted are the
results of numerical solutions of the ME, and hence Eq. (15), with (t) given by Eq. (12) (circles) and (t) 120% (diamonds).
These values approach 1:665=J and 1:744=J , respectively. The dotted line is the lower bound for single-shot feedback also with
a 20% error, while the analytical result for perfect continuous feedback, Eq. (14), is the solid line.
elimination of the cavity eld, and to satisfy both we thus
require  N
3=2
. It is not surprising that Eq. (16) is
the same requirement as for Andre and Lukin's model
[19] implementing the countertwisting Hamiltonian [1],
since writing Eq. (11) in Lindblad form reveals such a
term. Similarly, the condition for achieving some squeez-
ing, i.e., 
2
< 1, will be g
2
N > . Further, we have cal-
culated that a free space model [also given by Eq. (11)
but with M equal to N in Ref. [21]] will also produce
some squeezing, although the Heisenberg limit cannot be
reached since by t

= 1=M all atoms will be lost from
the sample.
Figure 3(b) also indicates that our continuous scheme
is very robust to any experimental errors in the feedback
strength, as opposed to a single-shot method. The latter
approach consists of a single (integrated) measurement
pulse (see e.g., Ref. [11]), followed by a single feedback
pulse. If there is a relative error of  in the feedback












will have a lower bound of 
2
, and will never be bet-
ter than J
 1
. On the other hand, as shown in Fig. 3(b), a
large (20%) error in (t) for continuous feedback does not
aect the J
 1
scaling. We have also found this theoreti-
cal scaling to be unaected by ineÆcient measurements.
Finite feedback delay time will also have a limited eect
as long as it is faster than (JM )
 1
.
This Rapid Communication has presented a scheme
for producing a spin squeezed atomic sample via QND
measurement and feedback. The advantage over previ-
ous QND schemes [9, 10] is that it provides uncondi-
tional, or deterministically reproducible, squeezing. For
very strong cavity coupling, the theoretical squeezing ap-
proaches the Heisenberg limit 
2
 1=N , while some
squeezing will be produced at weaker coupling and even
in free space (thus presenting a simple experimental test
for quantum feedback). This indicates a stronger squeez-
ing mechanism than collisional interactions in a Bose-
Einstein condensate where the scaling is N
 2=3
[4, 6].
Furthermore, by ceasing the measurement when this min-
imum is reached, the maximally squeezed state could be
maintained indenitely.
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